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Abstract. For an ideal of smooth functions a that is either Lojasiewicz or weakly 
Lojasiewicz, we give a complete characterization of the ideal of functions vanishing 
on its variety I{Z{a)) in terms of the global Lojasiewicz radical and Whitney 
closure. We also prove that the Lojasiewicz radical of such an ideal is analytic- 
like in the sense that its saturation equals its Whitney closure. This allows us 
to recover in a different way Nullstellensatz results due to Bochnak and Adkins- 
Leahy and answer positively a modification of the Nullstellensatz conjecture due 
to Bochnak. 



Contents 

1. Introduction [l] 

2. Lojasiewicz ideals S 

3. Weakly Lojasiewicz ideals [s] 

4. Consequences @ 

4.1. Answering a modification of the Bochnak conjecture 

4.2. Recovering the Bochnak and Adkins-Leahy Nullstellensatz results 
References M 



1. Introduction 

In this paper we characterize a class of ideals a having the zero property in the 
algebra £(M) of real- valued smooth functions on a smooth manifold M. Recall that 
an ideal a has the zero property if it coincides with the ideal I{Z{a)) of all functions 
vanishing on its zero set. 

This investigation of such a Nullstellensatz for the class of C°° functions was initiated 
by Bochnak in 1973 in |Boc73j and subsequently continued by Risler in |Ris76bj . 
Interesting contributions by Adkins and Leahy can be found in [AL75j and |AL76j . 
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In particular, Bochnak formulated the following conjecture: 

Conjecture. Let a be a Gnitely generated ideal in £(M). Then the following are 
equivalent 

(1) a has the zero property. 

(2) a is closed and real. 

He proved his conjecture when a is generated by finitely many analytic functions. 
Then Risler in |Ris76bj gave a complete answer for dimension 2 and for principal 
ideals in dimension 3. Finally, for an ideal generated by analytic functions (not 
necessarily finitely many), Adkins and Leahy prove in |AL75j that I{Z{a)) is the 
closure of the real radical of a. 

Note that a closed finitely generated ideal is Lojasiewicz, (see definition below), but 
the converse is not true ( |Tou72j p. 104 example 4.8). 

In Theorem [HI we give a complete characterization oiI{Z{a)) for the case when a is 
a Lojasiewicz ideal in terms of a particular notion of radical called the Lojasiewicz 
radical that can be bigger than the real radical. It is defined below in Definition 
[71 Lojasiewicz ideals were considered by several authors including Malgrange in 
|Mal67| §6], Thom in |Tho67] . and Tougeron in |Tou72| p. 104]. The Lojasiewicz 
radical appears in work by Kohn |Koh79| Thm.1.21] and Nowak [NowlOj . though 
mainly as a notion applied to ideals of germs. 

As a consequence of Theorem [HI we give an answer to the Bochnak conjecture in 
terms of convexity: 

Theorem 1. Let a be a Lojasiewicz ideal in £(M). Then the following are equivalent 

(1) a has the zero property. 

(2) a is closed, convex, and radical. 

In fact, we obtain our result for ideals a with countably many generators but still 
verifying condition (2) of Definition [H See Theorem [121 

Note that a convex radical ideal is a real ideal. If we had a good representation 
of positive semidefinite functions as sums of squares, the converse would also be 
true. Nevertheless, this converse happens to be true when a is generated by analytic 
functions as we prove in Theorem [TH We thus recover the results of Bochnak and 
Adkins-Leahy. 

2. Lojasiewicz ideals 

Let M be a smooth manifold and £(M) be its algebra of smooth real- valued functions 
endowed with the compact open topology. 

The saturation of an ideal a in £(M) is the ideal a = {g E £(M) \ \fx E M g^ E a8.x}. 
Lemma 2. a C o C a 
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Proof. Consider the ideal 

a* = {ge Z{M) I Vx G M T^g E T^a}. 
Whitney spectral theorem says a* = a, and the proof follows since a C a*. 

□ 

Remarks 3. 

(1) Both inclusions are strict in general; consult Adkins-Leahy |AL75t p. 708] for 
an example. 

(2) If M is analytic and g belongs to the ring 0(M) of analytic functions on M, 
then grc can be identified with T^g. A consequence of this fact is that for any 
ideal a C 0(M), a* = a, where the two operations on a are performed in 
the ring 0(M) only. In this case a* is not the closure in the compact open 
topology; see |dB76] . From now on, we will call analytic-like any ideal in 
£(M) verifying a* = d. 

(3) Note that 

a= {g E £(M) I V compact K C M 3he E{M) s.t. Z{h) r\ K = and hg e a) 
= {ge £(M) I Vx e M3/i G £(M) s.t. h{x) ^ and hg G a}. 

Proof. It is clear that both the second and third sets are subsets of a. It is 
also clear that the second set is a subset of the third. Therefore, the three- 
way equality reduces to proving that d is a subset of the second set. Let 
g E a. Given any compact subset K of M, let x & K. It follows gx G a£x., 
and in a suitable neighborhood Ux of x, 

g = ai/i H h akfk- 

Take a bump function tp such that x G supp Lp C Ux and ip{y) 7^ for any y 
in a smaller open set 14 . 
Then 

ipg = {(pai)fi H h {^ak)fk e a- 

{Vx}x&K is an open cover of the compact set K. Take a finite subcover 
14^, . . . ,Vxj with corresponding bump functions ipi, . . . ,ipj. Summing up the 
expressions for ipig, . . . , ipjg, we obtain that {ipi + ■ ■ ■ + ipj)g is a finite sum 
of elements of a with coefficients in £(M). As {tpi + ■ ■ ■ + 'Pj){y) 7^ for all 
y E K hj construction, we set h = ipi + ■ ■ ■ + ipj and conclude that g is an 
element of 

{g G £(M) I V compact K C M 3he E,{M) s.t. Z{h) n K = and hg e a} 
as needed. 

□ 

Definition 4. An ideal C £(M) is a Lojsiewicz ideal ii 

(1) a is generated by finitely many smooth functions /i, . . . , /;; 
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(2) a contains an element / with the property that for any compact K G M 
there exist a constant c and an integer m such that |/(a;)| > cd{x, Z{a))'^ 
on an open neighborhood of K. 

Remark 5. It is well known that in the definition above one can take / to be the 

sum of squares of the generators H h /f . This can be seen as follows: /i, . . . , 

cannot be simultaneously flat at any point in M; otherwise, / would be fiat at some 
point of its zero set, hence it could not verify the inequality in the definition. So 
/f + ■ ■ ■ + is nowhere flat and dominates C |/p on every compact set of M for 
C > appropriately chosen. It thus verifies the required inequality with exponent 
2m. 

Lemma 6. Let a be a Lojasiewicz ideal generated by fi, . . . , fi and f = fi+ - ■ ■ + ff- 
Let g e £(M) be such that Z{g) D Z{f) — Z{Oi). Then for any compact set 

K G M, there exist a constant c and an integer m such that g"^"^ < cf on an open 
neighborhood of K. In particular, there exist an integer m and an element a e a 
such that (7^™ < \a\ on an open neighborhood of K. 

Proof. Let X — Z{a). Assume E X. Then for x, y close to 0, one has \g{x)—g{y)\ < 
Cid{x,y), where Ci is a suitable positive constant. Now d{x,X) = ini y x d{x,y), 
so since g vanishes on X, we obtain \g{x)\ < Cid{x,X) on a neighborhood of 0. 
Once the compact set K is fixed, we can find finitely many points yi, . . . ,ys and 
for each of them an open set Vi where the previous inequality holds and such that 
X f] K <Z V = UVi. So for a suitable constant C2, we have \g{x)\ < C2d{x,X) and 
hence ^((x)^™ < C2"^d{x,Xy"^ on V for any m. Also, ii K' D K is another compact 
set such that V C K', on a neighborhood of K' one has cd{x, X)'^^ < f{x). Putting 

together these inequalities, one gets g < c^f in V, where C3 = 

□ 

The previous lemma prompts us to globalize the definition of the Lojasiewicz radical. 
Definition 7. The Lojasiewicz radical of an ideal a G £(M) is given by 
e £(M) I 3 / e a and m > 1 such that f - g^"^ > 0}. 

It is not hard to verify that ^/a is a radical real ideal for any ideal a. 
We can now prove our main result: 

Theorem 8. Let a C £(Af) be a Lojasiewicz ideal. Then 

• is analytic-like, i.e.-^— 

• I{Z{a)) = 

Proof. Note that for any ideal b we have 
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• be X{Z{h)). Indeed, g e h implies r^(^) G T,(b) for all x e M. Hence 
if X G Z{b), then ra.((7) has order > 1 because T^ib) is contained in the 
maximal ideal of the ring of formal power series at x. Therefore, g{x) = 0. 

• Z{Vb) = Z{b). 

So we have^a C \/a C Z{Z{a)). Hence both statements will be proved if we prove 

x(z(a)) c y^. 

Take g G X(2(a)), and let / = /f = ■ ■ ■ + be such that Z{f) = Z{a). Let K 
be a compact set in M. By Lemma [6], (7^™ < c/ on a neighborhood of K. Let 
G £(M) be a nonnegative function taking the value 1 on X and the value 
outside the neighborhood where the inequality above holds. Hence {(pKgY"^ < cf 
on the whole of M, which means ipxg £ By Remark [3] (3), we are done. 

□ 



3. Weakly Lojasiewicz ideals 

Looking at the proofs above, we see that the main ingredient was the existence of a 
function / G a that was the sum of the squares of the generators and had the same 
zero-set as a, making a Lojasiewicz. In the next lemma, we construct a function 
with this property for a more general class of ideals. 

Definition 9. An ideal C £(M) is weakly Lojasiewicz ii 

(1) a is locally finitely generated, that is for any a; G M there exist finitely many 
elements in a generating aE{U), where f/ is a suitable neighborhood of x; 

(2) There exists an element / G d such that for any compact K C M, there exist 
a constant c and an exponent m such that > cd{xZ{a))"^. 

Lemma 10. Let a be a weakly Lojasiewicz ideal. Then there exists / G a verifying 
property (2) of Definition such that Z{f) = Z{a). Moreover, for any compact 
set K C M, there exists a neighborhood U of K such that the restriction of f to U 
belongs to aE{U). 

Proof. Since a is locally finitely generated we can assume it is globally generated 
by countably many smooth functions {fj}j>o- Denote by h the function making 
a a weakly Lojasiewicz ideal. Since hx G a£x, for any x G M there is Ix such 
that hx = Yl^j=i (^jxfj and this equality holds in a neighborhood Ux of x. Hence 
if C M is a compact set, there exist finitely many points Xi, . . . ,Xs such that 
K C f/ri U ■ ■ ■ U Uxs- Take / = max{/a;.}, and let {i^i} be a smooth partition of 

i 

unity subordinated to the covering oi U = Ux^ U ■ ■ ■ U Ux^- Then h = (^^. ipi)h = 

Y.iVi{Y!j=iO'ixJj) = Y!j{Y^i^iO'jx,)fj- This shows that h belongs to aE{U) and 
that the latter is a Lojasiewicz ideal. 
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Next, take an exhaustion of M by compact sets {Kj}j^Q such that Kj C Int i^j+i 
for every j > 1. We can assume that a is generated on a neighborhood of Kj by 
fi, . . . , fi-. Consider the open locally finite covering of M given by {Uj = Int i^j+i \ 
Kj^2}j>i, where K_i = Kq = 0. Let {aj}j>i be a collection of smooth functions 
ctj : M — )■ [0, 1] satisfying that aj = 1 on Kj \ Int Kj_i and supp(Q:j) C Uj for all 
j > 1. Note that ctj/i, . . . still generate a in a neighborhood Vj C Kj+i of 

Kj \ Int Kj_i and that o is Lojasiewicz on Vj. 

Now put 

oo ij 

We get 

(1) / G £(M). Indeed, for any x e Kj \ Int Kj_i C M, / is the sum of 3 

summands, / = aj-i Y!i=l ff) + "i ( EiLi ff) + ( Ei=i' /?) • 

(2) f E a. Indeed, for x E Kj \ Kj_i, the germ belongs to the ideal generated 
by /i, . . . , /jj^i, which generate the ideal a on Vj+i. 

(3) / > and 2{f) = Z{a) since this is true locally. 

(4) / verifies the inequality of Definition [91 Indeed, if C M is a compact 
set, then K C Kj for some j. Hence / belongs to the restriction of a to 
ViU ■ ■ ■ U Vj, which is a Loiasiewicz ideal, and f L, , , , „, is a combination 
with positive coefficients of the squares of its generators. 

□ 

Remark 11. A weakly Lojasiewicz ideal is locally Lojasiewicz, and it is not hard to 
prove the converse. 

Next, note that Lemma [6] and Theorem [8] hold true for a weakly Lojasiewicz ideal 
o with the same proof, simply replacing /f + . . . + by the function / constructed 
in Lemma [10] above, provided the ideal a is saturated as / G a. 
Hence we obtain: 

Theorem 12. Let a C £(M) be a saturated weakly Lojasiewicz ideal. ThenX{Z{a)) = 
\/a. If a is not saturated, thenX{Z{a)) = 

4. Consequences 

4.1. Answering a modification of the Bochnalc conjecture. We now want to 
relate the notion of being Lojasiewicz with convexity. 

We say that an ideal a of £(M) is convex if each g G £(M) satisfying \g\ < f for 
some / G a belongs to a. In particular, the Lojasiewicz's radical \/a of an ideal a of 
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£(M) is a radical convex ideal. Moreover, we define the convex hull 0(a) of an ideal 
oof £(M) by 

0(a) := {g e E{M)\3f e a such that \g\ < /}. 
Note that g(a) is the smallest convex ideal of £(M) that contains a and {/a := 



Hence if o is convex and radical, it coincides with its Lojasiewicz radical, and we 
immediately get: 

Corollary 13. // the ideal a C £(M) is a (weakly) Lojasiewicz ideal, the following 
are equivalent 

(1) a has the zero property. 

(2) is closed, convex, and radical. 



4.2. Recovering the Bochnak and Adkins-Leahy Nullstellensatz results. 

To compare our results with the ones by Bochnak and Adkins-Leahy, we have to 
relate Lojasiewicz radicals with real radicals of ideals generated by analytic func- 
tions. So assume M is an analytic manifold and a C £(M) is generated by analytic 
functions. It follows that the zero-set of a is a global analytic set X and is locally 
finitely generated. Furthermore, there exists an analytic function / G d whose zero 
set is X, making a a weakly Lojasiewicz ideal ( |ABFj ). 

Theorem 14. Let M be an analytic manifold and a G 0(M) be an ideal of real 
analytic functions. Then 



Proof. Let X = Z{a), and consider the ideal \/a C 0(M). We have the following: 



• (^)(0,.) C = v^- Indeed, ii g e (^/a)(0.), then g = Y^^hta^, 



where hi G Ox and Oj G \/a. Hence a^™"' < Cj/, for some f G a, and so 
{hiaiY"^^ < c'if, for / G a, which means /ijaj G \/aO^. So (7 G \/aO^. Since 
the Lojasiewicz radical contains the real radical, the last equality is the Risler 
Nullstellensatz in the ring of germs of analytic functions; see |Ris76a] . 

• (ya)(£s) C \/a£a; by the same argument as above. 

• \/a£7 = ( ^/ a£(M) Indeed if G aE^, then = ^ 'fidi, for G Ex and 
flj G a. This holds true in an open neighborhood U of x. Take a smooth 
bump function -0 such that if) = I'm. a, smaller neighborhood and its support 
is contained in U. Then -^y^ = ^(?/^(/5j)ai G a£(M) and its germ at x is 
precisely y?. 




So far we have obtained 



(y^)(£.) C (^A£(M)):.- 
Now apply the Taylor homomorphism at x. 

T.{¥^E,) = (y^).3^. c r,(yae(M)), c a/^J,. 

It is worth noting here that we identify the Taylor series of analytic functions with the 
corresponding germs. The last inclusion holds because the elements of ( ^^aZ{M))x 
vanish on X^, hence their Taylor series belong to T^'^i^Xx) = \/ci0^3^x by Mal- 
grange's theorem |Mal67[ Thm.3.5 p. 90]. Arguing as in |AL76] . \/aO^ C a/oS^ = 
{^^/'aE{M))x, hence the last inclusion is an equality. 

We have now finished making all preliminary observations and are ready to prove 



the theorem. Consider g E y a£(M). For any compact set K C M, there is an 

open neighborhood U of K such that g belongs to \J~aEJjJ). It follows (7^"* < cf for 

/ G a£(t/). In turn, on a smaller neighborhood V (Z U oi K,we get / e atiV). This 
means that for any x G M, the germ belongs to \/a^, which equals ( \^ a £(M) )x- 
Applying what was stated before, we see that T^g G ^ a£(M)) C (a/ a£(M) 

which implies g G ^ a£(M). The reverse inclusion comes from the fact that the 
Lojasiewicz radical is bigger than the real one and analytic-like by Theorem |H1 

□ 

As a consequence of Theorems [8] and [TH we recover the result of Adkins and Leahy 
in |AL76] . As for Bochnak's result, note that a finitely generated analytic ideal 
o C £(M) is closed and if it is real, it coincides with its real radical. Hence it has 
the zero property. 
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